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Abstract
The band structure and magnetotransport of a two-dimensional electron gas (2DEG), in the
presence of the Rashba (RSOI) and Dresselhaus (DSOI) terms of the spin-orbit interaction and of a
perpendicular magnetic field, is investigated. Exact and approximate analytical expressions for the
band structure are obtained and used to calculate the density of states (DOS) and the longitudinal
magnetoresitivity assuming a Gaussian type of level broadening. The interplay between the Zeeman
coupling and the two terms of the SOI is discussed. If the strengths α and β, of the RSOI and
DSOI, respectively, are equal and the g factor vanishes, the two spin states are degenerate and a
shifted Landau-level structure appears. With the increase of the difference α− β, a novel beating
pattern of the DOS and of the Shubnikov-de Haas (SdH) oscillations appears distinctly different
from that occurring when one of these strengths vanishes.
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I. INTRODUCTION
The spin-orbit interaction (SOI) in semiconductor nanostructures has attracted extensive
attention in the past years mostly due to its potential applications in manipulating electron
spins in electronic devices and its ample physical characteristics hidden and unexplored pre-
viously. The SOI is a relativistic coupling between the spin and momentum of an electron
under an external electric field. [1] This external electric field can be the slope of the band
structure or the averaged crystal field due to an asymmetry of the bulk semiconductor crys-
tal. The former results in the Rashba SOI (RSOI) [2] and the later in the Dresselhaus SOI
(DSOI). [3] In semiconductor heterostructures an additional DSOI arises from the asymme-
try of the material growth at the interfaces that is different from that due to the crystal
asymmetry in bulk materials. [4, 5, 6]
The RSOI is rotationally symmetric in a 2DEG and normally dominates in 2DEG’s of
many narrow-gap semiconductors such as InGaAs/AlGaAs. [7] This has been confirmed in
experiments [8, 9]. Recent experiments, however, show that the DSOI makes an important
contribution to the SOI and can be dominant in 2DEG’s of materials shuch as InSb/InAlSb.
[10, 11] In a system without magnetic field, it has been shown that the DSOI introduces
a strong anisotropy to the electronic energy band and the electron transport. [10, 12] An
interesting phenomenon in this case is that k-independent eigenspinors appear when the
strengths α and β, of the RSOI and DSOI, respectively, are equal. [12]
It is well known that under a perpendicular magnetic field the Hamiltonian can be solved
exactly if only one of the RSOI or the DSOI terms exists. Two branches of energy levels
with unequal separations between adjacent levels develop and lead to a beating pattern of
the SdH oscillations observed in moderate magnetic fields. [1, 8, 9, 13, 15] By measuring
the position of the nodes of the beating pattern, one can estimate the strength α or β of the
SOI. The situation is much less clear when both terms of the SOI are present as the number
of pertinent studies is limited [10]. In particular, we are not aware of any treatment of the
band structure and SdH oscillations of a 2DEG under a perpendicular magnetic field when
both terms of the SOI are present. We provide one in this paper and organize it as follows.
In Sec. II we provide exact and approximate results for the energy spectrum and the DOS.
In Sec. III we present analytical and numerical results for the transport coefficients, and in
Sec. V concluding remarks.
2
II. EIGENVECTORS, EIGENVALUES, AND DENSITY OF STATES
We consider a 2DEG in the (x− y) plane and a magnetic field along the z direction. In
the Landau gauge ~A = (0, Bx, 0) the one-electron Hamiltonian H = H0+Hα+Hβ including
the SOI Rashba term, Hα, and the Dresselhaus SOI term, Hβ, reads [2, 6]
H =
(pˆ+ eA)2
2m∗
+
1
2
gsµBBσz,+Hα +Hβ (1)
Hα =
α
~
σx(pˆy + eAy)− α
~
σy(pˆx + eAx),
Hβ =
β
~
σx(pˆx + eAx)− β
~
σy(pˆy + eAy),
where pˆ = (pˆx, pˆy) is the momentum operator of the electrons, m
∗ their effective mass, gs
the Zeeman factor, µB the Bohr magneton, σ = (σx, σy, σz) the Pauli spin matrix, and α, β
the strengths of the Rashba and Dresselhaus terms, respectively.
In the absence of SOI the eigenstates of the Hamiltonian are the Landau states |n, σ〉,
n = 0, 1, 2, · · · , with energy εσn = (n + 1/2)~ωc + σgsµBB/2, and wave function 〈r|n, σ〉 =
eikyyφn(x+ xc)|σ〉/
√
Ly. Ly is the length of the system along the y direction, φn(x+ xc) =
e−(x+xc)
2/2l2
cHn((x + xc)/lc)/
√√
π2nn!lc the harmonic oscillator function, ωc = eB/m
∗ the
cyclotron frequency, lc = (~/m
∗ωc)1/2 the radius of the cyclotron orbit centered at −xc =
−l2ckx, n = 0, 1, 2, · · · the Landau-level index, and |σ〉 = |±〉 the electron spin written as the
row vector |+〉 = (0, 1) if the spin points up and as |+〉 = (1, 0) if it points down.
Generally, the SOI groups the Landau states into two groups |n, σn〉 and |n,−σn〉 with
σn = (−1)n and couples the states with each other in each group. Assuming eigenstates
in the form of Ψ =
∑
n C
σ
n |n, σ〉, the secular equation HΨ = EΨ leads to the system of
equations
√
nǫαC
+
n−1 + (ε
−
n −E)C−n − i
√
n + 1ǫβC
+
n+1 = 0 (2)
i
√
n + 1ǫβC
−
n + (ε
+
n+1 − E)C+n+1 +
√
n+ 2ǫαC
−
n+2 = 0,
with n odd for the group |n, σn〉 and even for the group |n,−σn〉. Here ǫα =
√
2α/lc and
ǫβ =
√
2β/lc. This means that the Hamiltonian matrix in the Landau space reduces to two
independent, infinitely dimensional matrices. The matrix corresponding to the group |n, σn〉
3
reads 

ε+0 ǫα 0 0 0 0 · · ·
ǫα ε
−
1 −i
√
2ǫβ 0 0 0 · · ·
0 i
√
2ǫβ ε
+
2
√
3ǫα 0 0 · · ·
0 0
√
3ǫα ε
−
3 −i2ǫβ 0 · · ·
0 0 0 i2ǫβ ε
+
4
√
5ǫα · · ·
· · · · · · · · · · · · · · · · · · · · ·


(3)
and the one corresponding to the group |n,−σn〉

ε−0 −iǫβ 0 0 0 0 · · ·
iǫβ ε
+
1
√
2ǫα 0 0 0 · · ·
0
√
2ǫα ε
−
2 −i
√
3ǫβ 0 0 · · ·
0 0 i
√
3ǫβ ε
+
3 2ǫα 0 · · ·
0 0 0 2ǫα ε
−
4 −i
√
5ǫβ · · ·
· · · · · · · · · · · · · · · · · · · · ·


. (4)
The energy spectrum of Eqs. (3) and (4) can be obtained numerically by truncating
the matrix dimensions while including a sufficient number of Landau levels; the resulting
energy spectrum will be referred to as the exact one in this paper. For α and β varying
independently, we study the spectrum in the (α-β) plane and define an angle ϕ at any point
(α, β) such that α = γ cosϕ and β = γ sinϕ with γ = (α2 + β2)1/2. In Fig. 1 we show the
spectrum (solid curves) as a function of the angle ϕ, in units of π/2, at various γ values. The
parameter α0 is equal to 10
−11eVm. We consider only positive α and β so that 0 < ϕ < π/2.
Results for negative α or β can be obtained by symmetry. The results for gs = 0 and gs = 5
shown present the effect of the Zeeman term. The value of gs varies from sample to sample
in the literature but we use gs = 5 since a recent experiment demonstrated a gs range from
2 to 5 in gate-controlled InGaAs/InAlAs quantum wells. [14] The SOI splits the Landau
levels in two branches, referred to as the + and − branches, which cross each other when ϕ
is varied. The two spin branches in each Landau level are degenerate for α = β or ϕ = π/4
if the Zeeman term is absent; then energy-branch crossing shifts with increasing gs. This
energy degeneracy can occur for several values of ϕ as shown by the upper curves in the
plots with γ = 2α0.
A better insight into the problem is obtained by an analytic energy spectrum. This can
facilitate the study of other properties, e.g., the transport properties of this system. It is
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FIG. 1: Energy spectrum of a 2DEG vs the angle ϕ (tanϕ = α/β) for two values of γ = (α2+β2)1/2
in a perpendicular magnetic field B = 0.4 T. The solid curves denote the numerical result, obtained
by diagonalizing the Hamiltonian matrices (3) and (4), and the empty squares the approximate
analytical result described by Eq. (9) for tanϕ < 1/3, its β ≫ α counterpart for tanϕ > 3 , and
by Eq. (16) for 1/3 < tanϕ < 3. On the left panels the Zeeman term is neglected, on the right
ones it is not (gs = 5). The effective electron mass used is m
∗ = 0.05m0.
well known [13] that the Hamiltonian (2) has an exact solution if α or β vanishes. Here we
will show that an exact result is obtained also for α = β, if we neglect the Zeeman term,
and approximate perturbative results follow for α/β ≪ or ≫ 1 and α ≈ β.
A. Highly unequal strenths: α << β or β << α
For β = 0 the Hamiltonian H0+Hα in the Landau space, cf. Eqs.(3) and (4), reduces to
2× 2 matrices with exact eigenvalues [2, 13, 16]
Eσn = ~ωc(n+ σ
√
(1− g)2 + 8nk2αl2c/2) (5)
and eigenfunction
Ψσn =
eikyy√
Ly

 φn−1(x+ xc) sin θσn
φn(x+ xc) cos θ
σ
n

 . (6)
Here n = 0, 1, 2, · · · for σ = 1 and n = 1, 2, 3, · · · for σ = −1, g = gsm∗/m0 with m0 the
free-electron mass, kα = αm
∗/~2, θ−n = θ
+
n − π/2, and
tan θ+n =
2
√
2nkαlc
1− g +√(1− g)2 + 8nk2αl2c . (7)
5
For β << α, we can treat Hβ as a perturbation of H0 +Hα. Neglecting the cross terms
∝ αβ, the matrix elements of Hβ are
〈Ψσm|Hβ|Ψσ
′
n 〉 = i(σ′ − σ)
√
(m+ σ)(ǫβ/2)δm,n−2σ. (8)
Then the total Hamiltonian is a matrix composed of diagonal elements ε−1 and a series of
2× 2 diagonal blocks. The eigenvalues are
Eσt = (E−t+1 + E+t−1)/2 + (σ/2)
√
(E−t+1 − E+t−1)2 + 4tǫ2β ; (9)
the corresponding wave functions read
fσt = −iΨ+t−1 sin γσt +Ψ−t+1 cos γσt , (10)
with tan γσt = (2
√
tǫβ)/[
√
(E−t+1 − E+t−1)2 + 4tǫ2β+σ(E−t+1−E+t−1)] and t = 1, 2, 3, · · · for σ = 1
or t = 0, 1, 2, · · · for σ = −1.
The results corresponding to β ≫ α can be obtained in the same way. The energy
spectrum is still given by Eqs.(5) and (9) with α and β interchanged and (1−g) replaced by
(1+g). The wave functions are given by Eq. (6), with sin θσn replaced by −i sin θσn, and by Eq.
(10) with −i sin γσn replaced by sin γσn . Equations (9) and (10) and their β ≫ α counterpart
will be used as an analytical approximation for |β − α|/(α + β) > 0.5 or tanϕ > 3 and
1/3 < tanϕ.
B. Equal (α = β) or approximately equal (α ≈ β) strengths
For α = β the Hamiltonian H = H0 + Hα + Hβ without the Zeeman term can be
diagonalized by a unitary transformation U †HU with
U =

 (1 + i)/2 −(1 + i)/2
1/
√
2 1/
√
2

 . (11)
The nonzero elements of the diagonalized Hamiltonian read
Hσ,σ = (pˆx + σ
√
2~ks)
2/2m∗ + (pˆy + σ
√
2~ks + eBx)
2/2m∗ − 2~2k2s/m∗ (12)
with ks = am
∗/2~2 and a = (α+β)/2. This Hamiltonian is very close to that of a displaced
harmonic oscillator and we attempt solutions in the form Ψσ(x, y) = eikyye−iσ
√
2ksxφ(x) for
6
the spin branch σ. The wave function of this Hamiltonian, in the Landau gauge, is then
obtained as
Ψσn =
eikyy√
Ly
e−iσ
√
2ksxφn(x+ xc + σxs)

 σ(1 + i)/2
1/
√
2

 (13)
with xc = l
2
cky, xs =
√
2l2cks and eigenvalue
Eσn = (n+ 1/2)~ωc − 2~2k2s/m∗. (14)
For α 6= β the Hamiltonian given by Eq. (2) after the unitary transformation has diagonal
and nondiagonal elements. The diagonal ones are given by Eq. (12) and the nondiagonal
ones by
Hσ,−σ = iσ
√
2b(pˆy/~− pˆx/~+ x/l2c )− gsµBB/2 (15)
with b = (α − β)/2. For α ≈ β and a Zeeman term weak compared to the Landau energy,
which is usually the case, we can treat the nondiagonal elements as a perturbation and
neglect the coupling between levels of different index in Eq. (13). The resulting approximate
energy spectrum reads
Eσn = (n+ 1/2)~ωc − 2~2k2s/m∗ + σηn/2 (16)
with ηn = 2
√
2b∆n − 2Σn the spin splitting of the n-th level, ∆n = 2Zse−2Z2s [L1n(4Z2s ) +
L1n−1(4Z
2
s )]/lc, Σn = gsµBBe
−Z2
sLn(2Z
2
s ), Zs =
√
2kslc, and L
m
n (x) the Laguerre polynomial.
The corresponding approximate wave function is given by
fσn = (Ψ
+
n + σΨ
−
n )/
√
2. (17)
Eq. (16) is used as the approximate analytical energy spectrum in the regime |α− β|/(α+
β) < 0.5 or 1/3 < tanϕ < 3.
The approximate energy spectrum given by Eqs. (9) and (16) is shown in Fig. 1 by
the empty squares. It agrees well in the whole range of ϕ with the exact result ( solid
curves) when the overall SOI strength γ is weak. Since most of the existing measurements
show SOI strengths in the order of α0, our approximate energy spectrum is pertinent to
many experiments. To show more clearly the discrepancy between the ’exact’ result and the
approximate one, we use a magnetic field B = 0.4 T in Fig. 1 which is twice as strong as
that used in later discussions.
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FIG. 2: Energy difference between the approximate analytical Ea and numerical En results, in
units of the Landau energy Ec = ~ωc, vs the Landau-level index n. The triangles show results for
α = 2.2α0 and β = 1.8α0, and the empty circles for α = α0 and β = 0.2α0.
To see how accurate the approximate analytical result Ea is for higher-index subbands,
which may be occupied in weak magnetic fields, in Fig. 2 we plot the energy difference
Ea − En between it and the exact numerical result En normalized to the Landau energy
Ec = ~ωc for up to 100 levels or n = 50 at a magnetic field B = 0.2 T. On the average
the error introduced by using the approximate result increases with the index n and the
SOI strength. In the absence of the Zeeman term, cf. Fig. 2(a), the approximate formula
Eq. (9), corresponding to the empty circles, overestimates the subband energies of one
branch while underestimates those of the other and the errors are almost proportional to
the subband index n for big n. Referring to Fig. 1, we find that the energy gap between
the two branches estimated by Eq. (9) is generally narrower than it should be. The errors
resulting from Eq. (16) oscillate with n as n increases. In a system with a g factor gs = 5,
as shown in Fig. 2(b), Eq. (9) is almost as accurate as for a system with gs = 0 due to the
fact that the Hamiltonian Eq. (2) can be solved exactly when β = 0. The error distribution
range introduced by using Eq. (16) for gs = 5 shrinks compared to that for gs = 0. For
α≪ β the approximate result is as precise as that for β ≪ α.
The density of states (DOS) is defined byD(E) =
∑
nkxσ
δ(E−Eσn). Assuming a Gaussian
8
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FIG. 3: DOS as a function of energy for α = α0 with β = 0 in (a) and (c) and β = 0.2α0 in (b)
and (d). The left panels are for gs = 0 and the right ones for gs = 5. In panels (b) and (d) the
exact results are shown by the dotted curves and the approximate ones by the solid curves.
broadening of constant width Γ and zero shift we obtain
D(E) =
S0
(2π)3/2l2cΓ
∑
n,σ
e−(E−E
σ
n)
2/2Γ2 . (18)
In Fig. 3(a) the DOS is plotted as function of the energy for α = α0, β = 0, and gs = 0 at a
magnetic field B = 0.2 T. As discussed in our previous work [13], it shows a beating pattern
as a result of two branches of energy levels, i.e., the + and − ones, with different energy
separations between the levels due to the spin splitting. Themth node of the beating pattern
is located near the nth Landau level when E−n+m ≃ (E+n−1 + E+n )/2, which corresponds to
an energy E˜m ≃ (2m + 1)2~ωc/(4
√
2kαlc)
2. For the parameters used in Fig. 3, the node
energies are 0.92, 2.55, 5, 8.26, and 12.3 meV for the first five nodes. For β ≪ α, the spin
splitting between the + and − branches is enhanced and the node energy is reduced by a
factor 1−β2/α2 as shown in Fig. 3(b). In Fig. 3(c) and (d), the DOS is shown as a function
of the energy using the same parameters as in Fig. 3(a) and (b), respectively, but with a
nonzero Zeeman term gs = 5. The Zeeman term does shift the levels and the DOS along the
energy axis but does not affect the beating pattern substantially in the SOI regime discussed
here; its effect on transport should be more visible in a weaker SOI regime. [16]
For α = β the energy spectrum is a series of shifted Landau levels with degenerate spinors
as described by Eq. (14). The DOS appears as a series of broadened peaks with frequency
9
~ωc. When β deviates little from α, however, the degenerate spinors in each Landau subband
split. As shown in Fig. 4 and described by Eq. (16), the spin splitting oscillates as a function
of the subband energy or Landau index and leads to a new kind of beating pattern.
Using the asymptotic expression of the Laguerre polynomials we obtain
λn ≡ ηn/~ωc ∼ (2n)1/4b
√
2kslc sin(4
√
2nkslc − π/4)/(
√
πa) (19)
− gsµBm∗ cos(4
√
nkslc − π/4)/(e~
√
2π
√
nkslc).
When the magnetic field is weak and many Landau levels are occupied, as assumed here, the
second term of Eq. (19) can be safely neglected. Then the zeros of ηn occur for 4
√
2nkslc =
(p + 1/4)π with p integer. The spin splitting evaluated from the exact energy spectrum
(zigzagged curve) and from Eq. (19) (smooth curve) are plotted in Figs. 4(a) and (d) for
gs = 0 and gs = 5, respectively. In Fig. 4(a), the zeros of ηn from Eq. (19) occur at
E = 0.252(p + 1/4)2 meV with p = 0, 1, 2, · · · . These zeros remain almost intact when
the Zeeman term is considered as shown in Fig. 4(d). In Figs. 4(b) and (e) we show the
exact DOS for gs = 0 and gs = 5 respectively. We find little dependence of the beating
pattern on the Zeeman term. In Figs. 4(c) and (f) we plot again the DOS for gs = 0 and
gs = 5, respectively, calculated from the approximate energy spectrum Eq. (16) and find a
good correspondence with the exact beating pattern. The form of the beating pattern in
the DOS is determined by the ratio λn of the spin splitting ηn to the Landau energy ~ωc.
For λn < 0.5, as shown in Fig. 4, each maximum in the DOS corresponds to a minimum
in λn = 0 and a minimum in the DOS to a maximum in λn. At λn = 0.5 a node appears
in the beating pattern while for a λn maximum larger than 0.5 there corresponds an extra
maximum in the DOS oscillation as shown in Fig. 5. Notice that the peaks of a wrap for
λn < 0.5 appear at the centers of the Landau levels Eσn = (n+1/2)~ωc−2~2k2s/m∗ while the
peaks of a wrap for λn > 0.5 appear in the middle of two adjacent Landau levels Eσn+1/2~ωc.
This DOS-peak-position transition between λn < 0.5 wraps and λn > 0.5 wraps leads to the
even-odd filling factor transition in the SdH oscillation described in the next section.
III. TRANSPORT COEFFICIENTS
For weak electric fields Eν , i.e., for linear responses, and weak scattering potentials the
expression for the direct current (dc) conductivity tensor σµν , in the one-electron approxi-
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FIG. 5: The same as in Fig. 4 but for α = 1.2α0 and β = 0.8α0.
mation, reviewed in Ref. [17], reads σµν = σ
d
µν + σ
nd
µν with µ, ν = x, y, z. The terms σ
d
µν and
σndµν stem from the diagonal and nondiagonal part of the density operator ρˆ, respectively, in
a given basis and 〈Jµ〉 = Tr(ρˆJµ) = σµνEν . In general, we have σdµν = σdifµν + σcolµν . The term
σdifµν describes the diffusive motion of electrons and the term σ
col
µν collision contributions or
11
hopping. The former is given by
σdifµν =
βe2
S0
∑
ζ
f(Eσn)[1− f(Eσn)]τ ζ(Eσn)vζµvζν , (20)
where ζ ≡ (n, σ, ky) denotes the quantum numbers, vζµ = 〈ζ |vµ|ζ〉 is the diagonal element
of the velocity operator vµ, and f(ε) the Fermi-Dirac function. Further, τ
ζ(Eσn) is the
relaxation time for elastic scattering, β = 1/kBT , and S0 is the area of the system. The
term σcolµν can be written in the form
σcolxx =
βe2
2S0
∑
ζ,ζ′
∫ ∞
−∞
dε
∫ ∞
−∞
dε′δ[ε−Eσn(ky)]δ[ε′−Eσ
′
n′ (k
′
y)]f(ε)[1− f(ε′)]Wζζ′(ε, ε′)(xζ −xζ′)2,
(21)
where xζ = 〈ζ |x|ζ〉; Wζζ′(ε, ε′) is the transition rate. For elastic scattering by dilute impu-
rities, of density NI , we have
Wζζ′(ε, ε
′) =
2πNI
~S0
∑
q
|U(q)|2|Fζζ′(u)|2δ(ε− ε′)δky,k′y−qy , (22)
where u = l2cq
2/2 and q2 = q2x + q
2
y . U(q) is the Fourier transform of the screened impu-
rity potential U(r) = (e2/4πǫ0ǫ)e
−k0r/r, ǫ is the static dielectric constant, ǫ0 the dielectric
permittivity, and k0 the screening wave vector. U(q) is given by
U(q) =
e2
2ǫ0ǫ
1
(2u/l2c + k
2
0)
1/2
. (23)
In the situation studied here the diffusion contribution given by Eq. (20) vanishes because
the diagonal elements of the velocity operator vζµ vanish. Neglecting Landau-level mixing,
i. e., taking n′ = n, and noting that σcolxx = σ
col
yy ,
∑
q
= (S0/2π)
∫∞
0
qdq = (S0/2πl
2
c)
∫∞
0
du,
and
∑
ky
= (S0/2πl
2
c), we obtain
σcolxx =
NIβe
2
2π~l2c
∑
nσ
∫ ∞
0
du
∫ ∞
−∞
dε[δ(ε−Eσn)]2f(ε)[1− f(ε)]
∣∣∣U (√2u/l2c
)∣∣∣2 |F σnn(u)|2 u. (24)
Here |F σnn(u)|2 = |〈fσn |eiq·r|fσn 〉|2 is the form factor.
The form factor for β = 0 has been given in Ref. 13; a similar form factor is obtained if
α = 0 with the substitutions of the variables given in Sec. II A. For β ≪ α or α ≪ β, the
form factor is obtained in a straightforward way with the help of the above results and Eq.
(9) or its α≪ β counterpart. For α ≈ β the form factor reads
|F σnn(u)|2 = e−u[Ln(u)]2 cos(
√
2qxksl
2
c). (25)
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FIG. 6: SdH oscillations of the conductivity σxx in (a) and of the resistivity ρyy in (b) vs inverse
magnetic field B−1 for a 2DEG with α = 2.2α0, β = 1.8α0, gs = 5, and ne = 8× 1011 cm −2.
The exponential e−u favors small values of u. Assuming k20l
2
c/2≫ u, we may neglect the
term 2u/l2c in the denominator of Eq. (23) and obtain
σcolyy =
NIβe
2
4π~b
[
e2
2ǫǫ0
]2∑
nσ
(2n+ 1)
∫ ∞
−∞
dε[δ(ε− Eσn)]2f(ε)[1− f(ε)]. (26)
The impurity density NI determines the Landau Level broadening Γ = Wζζ′(ε, ε
′)/~.
Evaluating Wζζ′(ε, ε
′)/~ in the u→ 0 limit without taking into account the SOI, we obtain
NI ≈ 4π[(2ǫǫ0/e2)]2Γ/~.
The resistivity tensor ρµν is given in terms of the conductivity tensor. We use the standard
expressions ρxx = σyy/S and ρyy = σxx/S, with S = σ
2
xx + σ
2
yx. In weak magnetic fields
where the beating patterns are well observed, we have σndxy ≈ ne/B.
In weak magnetic fields a beating pattern is observed in the presence of SOI except for
α = β. When β ≪ α the beating pattern is similar to that of β = 0 as described in Ref. 13
13
with a period reduced by a factor 1 − β2/α2. As a function of 1/B the period of a beating
pattern for α ≈ β can be estimated from the asymptotic expression of the spin splitting as
[4am∗
√
2ne/π/e]
−1. In Fig. 6 we show a periodic beating pattern in the conductivity σxx,
in (a), and the resistivity ρyy, in (b), for a 2DEG with α = 2.2α0 and β = 1.8α0. The period
of the pattern is B−1 = 0.41T−1 and agrees well with the above estimate.
One interesting aspect of the beating pattern of the SdH oscillations is the even-odd
filling factor transition [18], a phenomenon in which the peaks in one wrap of the beating
pattern happen at even filling factors of the 2DEG while in the next wrap occur at odd filling
factors. For α ≫ β or α ≪ β there is always a even-odd filling factor transition between
two consecutive beats. However, for α ≈ β this transition occurs only for λn > 0.5. In Fig.
7(a) we plot again the conductivity of Fig. 6(a) as a function of the filling factor nh/eB
and do not observe the even-odd transition. In Fig. 7(b) the conductivity for a system
with different SOI strength α = 1.2α0 and β = 0.8α0 is plotted and shows the even-odd
transition. This difference can be explained using the DOS in Figs. 4 and 5. In Fig. 4,
where the DOS pertaining to the parameters of Fig. 7(a) is shown, λn is less than 0.5 and
the peaks of the DOS appear at energy Eσn given by Eq. (14) coinciding with the Fermi
energy of the 2DEG for an odd filling factor. On the other hand, in Fig. 5, where the DOS
of the 2DEG pertaining to the parameters of Fig. 7(b) is shown, the peaks of the DOS
occur at Eσn when λn < 0.5 but transit to Eσn +0.5~ωc, an energy corresponding to the Fermi
energy for an even filling factor and λn > 0.5.
IV. CONCLUDING REMARKS
We studied the energy band structure, DOS, and SdH oscillations of a 2DEG in the
presence of a perpendicular magnetic field and of both terms of the SOI, the Rashba (RSOI)
and Dresselhaus (DSOI) terms, respectively, of strength α and β. Besides the exact solution
of the Hamiltonian with only one of these terms present (α = 0 or β = 0), we found an
exact solution for equal strengths α = β provided the Zeeman coupling is negligible. Then
the band structure is just a series of spin-degenerate Landau levels shifted by the constant
2~2k2s/m
∗, cf. Eq. (13). When a difference exists between the strengths α and β, we
obtained an approximate analytical expression for the energy spectrum and used it to study
the magnetotransport of the 2DEG.
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FIG. 7: (a) The conductivity in Fig. 6(a) as a function of the filling factor nh/eB. (b) The same
as in (a) for a 2DEG with α = 1.2α0, β = 0.8α0, gs = 5 and ne = 8× 1011 cm −2.
A beating pattern of the DOS and the SdH oscillations develops but with various char-
acteristics when the ratio α/β is varied. For α ≫ β or α ≪ β, the band structure consists
of two branches of unequally spaced levels and the corresponding beating patterns of the
DOS and SdH oscillations show an even-odd filling factor transition. On the other hand,
for α ≈ β the band structure is approximately a series of shifted Landau subbands with the
spin splitting varying with subband index. As a result, the beating patterns of the DOS and
of the SdH oscillations do not show any even-odd filling factor transition if the spin-splitting
is less than half of the Landau energy.
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